MUH 3211 – Music History I - Warfield (Fall 2010) - Tuning Systems (Pythagorean vs. Just)

At the end of the Middle Ages and the beginning of the Renaissance, the growing emphasis on sonorities that included 3rds and 6ths—as opposed to the earlier preference for octaves, 5ths and 4ths—created tuning problems that required new ways to calculate intervals.  In short, the old Pythagorean Tuning, based on the interval of a pure fifth, led to major thirds that were much too sharp and minor thirds that were much too flat.  Just Intonation, which used a system of pure thirds and fifths, solved some of these problems, but only temporarily.  While the primary triads were all well tuned, many of the secondary triads were much worse than before.  Various Meantone Tunings would be tried before the final solution eventually came around the time of J.S. Bach in the system of Equal Temperament, which remains in use to the present day.

To calculate tunings, one needs to identify the ratios of pure intervals, which are best demonstrated in the overtone series.  Assume that C is your fundamental pitch, and then each of the overtones vibrates at an integer (whole number) multiple of the fundamental:
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An octave (C-C) is the ratio 2:1, a perfect 5th (C-G) is 3:2, perfect 4th (G-C) is 4:3, major 3rd (C-E) is 5:4, minor 3rd (E-G) is 6:5, etc.  These ratios correspond to the lengths of vibrating strings, air columns, etc., and also to the mathematical ratios of the frequencies of these vibrating bodies.

To calculate the frequency of a higher pitch, you simply multiply the ratio of interval distance times the value of the lower pitch.  To add intervals, you simply multiply the two ratios together.  To subtract an interval, you divide the upper frequency by the ratio of the descending interval distance.  Look at the examples below to see how tunings were calculated in the Middle Ages and Early Renaissance.

PYTHAGOREAN TUNING (using pure fifths of 3:2 ratio)
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1                     9/8                 81/64                4/3                    3/2                 27/16             243/128               2/1                    9/4                 81/32

          9/8                   9/8               256/243               9/8                   9/8                   9/8               256/243
(Interval between pitches)

All of these intervals were calculated using pure 5ths.  Begin with C-G (3/2), then calculate D as a 5th above G (3/2 x 3/2 = 9/4).  Find the lower D by dropping that interval one octave (9/4 divided by 2 = 9/8).  Continue by calculating A as a 5th above D (multiple by 3/2) and then E as a 5th above A.  Drop the E an octave (divide by 2) and conclude by calculating the B as a 5th above E.  All 5ths are pure, and the whole step is a consistent 9/8 ratio.  However, the major 3rds (C-E, F-A, G-B are all very sharp; cf. the 5:4 ratio of the natural overtone series).

JUST INTONATION TUNING (using pure triads in ratio of 4:5:6)
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1                     9/8                   5/4                  4/3                    3/2                   5/3                 15/8                   2/1                    9/4

          9/8                 10/9                 16/15                 9/8                 10/9                   9/8                  16/15                      (Interval between pitches)

These intervals were calculated through pure triads (i.e., 3rds and 5ths). C-E-G is in the ratio of 4:5:6, as are G-B-D (with the upper D again reduced one octave) and F-A-C (calculated downward from the upper C).  Those three triads are “perfect,” however, several other intervals have problems (e.g., the D-A 5th) and there are two different sizes of whole steps.  The problem becomes more severe when you calculate accidentals beyond the basic diatonic scale.  Moreover, calculating one pitch by different methods (3rds vs. 5ths) yields inconsistent results.

